. (In fact, a slightly stronger result is proved in Corollary 2.10.) We obtain as a consequence the result of W. G. Bade [2] that ^ ([0, 1] ) is not complemented as a closed subspace of & a+ί ([0, 1] ) (Corollary 3.9) . On the other hand, it is proved in Theorem 2.11 that a compact space Ω is σ-Stonian (basically disconnected) if and only if C(Ω) is the range of a norm 1 projection from ^i(fl).
For any set S and field Σ of subsets of S, B(S, Σ) denotes the sup norm closed subspace of l°°(S) generated by the characteristic functions of sets in I 7 . If S is compact, then ^J(S) = B(S, Σ t ) for a certain field Σ 1 (see Theorem 1.1) , and the existence of a complement for C(S) in ^(S) is equivalent to the existence of a projection of B(S, Σj) onto C(S). A topological condition on S is obtained which prevents the existence of such a projection (see Definition 2.9) . This condition is a consequence of an extended version of Amir's theorem [1] which provides, for certain compact spaces S and fields Σ with C(S) c B(S, Σ), a lower bound for the norm of any projection from B(S, Σ) onto C(S) (see Theorem 2.6) . This version of Amir's theorem is obtained as an application of Ditor's theorem [4] on lower bounds for norms of "averaging operators" for a continuous surjection between compact spaces.
In §3, attention is focused on the Baire classes over [0, 1] , the results being extendable to & a (S) for more general S by the BorsukDugundji theorem. We abbreviate ^([0, 1]) simply by ^. In order to apply the above-mentioned Amir theorem to £@ a = C(Ω a ), it becomes necessary to investigate the topological structure of the maximal ideal space Ω a . This topological structure is related to the Boolean structure of certain subfamilies of Borel sets in [0, 1] [13, Ch. 15] .) It follows from [3, Corollary 8, p. 336 ] that for a > 1, there is no continuous linear injection of & u into ^. Thus there are at least three isomorphic types of Banach space represented among the Baire classes & a , H α ^ ό) 1( At present it is unknown whether, for countable ordinals a > β ^ 2, & a and ^ can be isomorphic (although it is shown in Theorem 3.11 that ^ and ^ can not be isometric Banach spaces).
The subject matter and methods of this paper grew out of the paper [2] of W. G. Bade. I would like to express my gratitude to Professor Bade for his assistance during the course of this investigation. 1* Baire classes, Baire sets, and B(S, Σ) . In this section S is an arbitrary topological space.
The bounded real-valued Baire functions on S are classified as follows: The functions of class 0 are the bounded continuous functions, and if the functions of class a are defined (which class is denoted by &Jβ)), then & a+1 (S) consists of all bounded functions which are pointwise limits of convergent sequences in & a (S). For a limit ordinal λ, & λ (S) is defined (following Hausdorίf [9, pp. 292-293] ) to consist of all functions which are pointwise limits both of increasing sequences and of decreasing sequences in \J a <x £@a (β (S) . In a metric space S, Z 0 (S) is just the family of closed sets, ZJβ) is the family of G δ sets, A^S) is the family of sets both F σ and G δ , etc.
The fundamental connection between the above classifications of Baire functions and Baire sets is given in the following theorem, which is due to Lebesque, Hausdorff, and others. This theorem was essentially known in the 20's, although there does not seem to be any one place in the literature which summarizes the relationship between sets and functions in this way. The following formulation is particularly useful in the study of Baire classes as Banach spaces of continuous functions (see Theorem 1.4) .
We recall that if Σ is a field of subsets of S (not necessarily a α-field), then B(S, Σ) denotes the closed subspace of l°°(S) generated by {k B : Ee Σ), where k E is the characteristic function of the set E. The scalar field is assumed real. (S) (see Hausdorff [9, §43.1] 
^(S) -B(S, Σ).

Proof. Obviously, A^S) c Σ, so it suffices to show that B(S, Σ) c S). It is enough only to show
k E e ^(S) if E e Σ. If E = U F n = Π G n with fiC^c closed and G ι => G 2 ID open, choose by Urysohn's lemma continuous f n such that f n (F n ) = 1, fJG e n ) = 0. Then lim f n = k E e
&Jβ). This proves the corollary.
If Σ is a field of subsets of S, denote by S Σ the space of all multiplicative linear functionals on B(S, Σ), endowed with the w* 
topology. Then S Σ is a compact Hausdorff space, and if for / e B(S, Σ) we define fe C(S Σ ) by f(x) = x(f) (x e S Σ ), then the map / ->/ defines an algebraic isometry of B(S, Σ) onto C(S Σ ). For each seS, let τ(s) e S Σ be the multiplicative linear functional on B(S, Σ)
. & a {S) is algebraically isometric to a space C(Ω a ), where Ω a is a compact totally disconnected Hausdorff space. Furthermore, there exists a function τ a : S-> Ω a such that (a) /(τ α (s)) = f(s) for all se S (where f is the correspondent in C(Ω a ) to fe<^a(S))> and ( b) E-*τ a {E)> Ee A a (S), defines a Boolean isomorphism of A a (S) onto the field of clopen sets in Ω a .
2. Baire complemented C(S) spaces* DEFINITION 2.1. For the Banach space X y denote by X^ the first Baire space for X, i.e., the set of all limits in X** of w* convergent sequences in X (regarded as a subspace of X**). The space X is called Baire complemented if there is a continuous linear projection from X x onto X. REMARKS 2.2. (1) X ι is a closed subspace of X** (McWilliams [12] ). (2) 
C(S) is Baire complemented if and only if C(S) is complemented in ^(S).
(6) If T: X-+ Y is an isomorphism of X onto Y, then T** | X, is an isomorphism of X x onto Y lu Thus, by Remark (5), if S and S' are compact Hausdorff spaces such that C(S) and C(S') are isomorphic, then &{(S) and ^{ (S f ) are also isomorphic. By a simple induction, &Jβ) and ^r(S') are isomorphic for all α.
The next objective is to establish a topological condition on S which prevents C(S) from being Baire complemented. First, some terminology is needed.
Suppose S and T are compact Hausdorff spaces and φ: S-> Γ is a continuous map of S onto T. An averaging operator for φ is a continuous linear map P: C(S)-+C(T) such that P(foφ) = /, If {ί α } is a net in Γ and t a -+1, let fsGiS: for each a 0 and neighborhood
The set lim sup φ~\t a ) is a nonempty compact subset of φ~\t). For the integer n > 1, define ίίe T: φ~Ht) contains π disjoint sets of (the form lim sup φ~ι{t a ) for nets t a ->t [4, p. 204] (1): For / 6 C(S) and e > 0, choose α 0 < a, < < a n so that f(S) c [α 0 , a n ] and α έ -α,^ < ε, 1 ^ i ^ w. By (3), pick A o , • , A n e 2* with A o = 0, A, = S 9 and for 1 ^ i < w, {ί: f(t) ^ α<} c A< and {t: f(t) ^ α i+1 } Π A t = φ. If # = Σ?=i a^Ai-Ai^ then # e JB(S, J?) and || flr -/|| < e, proving (1) . (1) (n lf • , n k ) be the set of all xe S such that there exist n k disjoint sets G ί9 ~,G %h eΣ with 
then C(S) is not complemented in B(S, Σ).
Proof. By induction onfc,Qc 7^(2, , 2) for k = 1, 2, 3, . By Theorem 2.6, a projection must then have norm ^ 1 + k for all k, an impossibility.
Recall that a compact Hausdorff space is called an F-space (GillmanJerison [6] 
subsets of the compact space S. If S is strongly non-F, then C(S) is not complemented in B(S, Σ). In particular, C(S) is not Baire complemented.
Proof The first statement follows from Corollary 2.8 and Definition 2.9. By Corollary 1.3, B(S, 2')c^(S), so C(S) is not Baire complemented by Remark 2.2(5).
REMARK. An easy application of Phillips' lemma shows that if S has a nontrivial convergent sequence, then C(S) is not Baire complemented (due to Wells [18] ).
There is a partial converse to the preceding corollary. (
1) S is σ-Stonian; (2) C(S) is Baire complemented by a projection of norm 1 from (3) C(S) is the range of a norm 1 projection from B(S, Σ), where Σ is the field generated by the open F σ -sets in S) (4) C(S) is the range of a multiplicative norm 1 projection from & ωi (S), the space of all bounded Baire functions on S; ( 5 ) C(S) is a o-complete lattice.
Proof. The proof goes (1) ==> (4) => (2) =» (3) => (5) =* (1). (1) 
Observing that ^(S) = B(S, &) (Theorem 1.1) and C(S) = B(S, ΐf)
, it is easy to check that P is the desired projection. (4) => (2) => (3) , then /^ ^ and P/^ P^ = g. Therefore Pf = V /•> and C(S) is a σ-complete lattice. (5)^> (1) is well-known (Semadeni [17, Proposition 24.7.4] ). This concludes the proof.
REMARK. Because of (4), the projections in (2) and (3) can be taken multiplicative. Proof. Lusin [11, p. 204] or Hahn [7, p. 274 Kuratowski [10, p. 447] For a > 1, first let D c K be a denumerable dense set, so that K -D is homeomorphic to ^ (Kuratowski [10, p. 441] ) and therefore to i^x ^Γ By the Lusin lemma, there exist in K -D two disjoint sets A, B of additive class a (relative to K -D) which are not contained in disjoint ambiguous class a sets. Since K -D is a G δ and α: ^ 2, A and B are additive class a relative to K (see Hahn [7, Proposition 33.4.73] ) and are not contained in disjoint ambiguous class a sets in K. Since every countable set is ambiguous class 2, no sets A f c A and B' c J?, such that A -A! and B -B' are countable, can be contained in disjoint ambiguous class a sets. This proves the lemma. (F n f] W), which is uncountable, so there must exist n 0 such that τ~\F nQ Π W) is uncountable. But F %Q ίΊ W is clopen hence F Wo Π W = τ^) for some .Ee A α (/). Then j & = Ta\F nQ Π TΓ), and the Baire set E, being uncountable, must contain a copy K of the Cantor set (Kuratowski [10, p. 447] ), and τ a (K) c i^0 ΓΊ IF. By what was shown above, τ a {K) contains a point of Q, so that (?! Π W. contains a point of Q. Since PF was arbitrarily chosen, xeG ί Γι Q. Similarly, x e G 2 ΓΊ Q. Therefore, ζ) satisfies the condition of Definition 2.9, and β« is strongly non-i* 7 . This concludes the proof of Theorem 3.3. REMARK 3.4. The preceding proof is more delicate than necessary for a ^ 2. In case a Ξ> 2, one could simply take Q = \J (G t f] G 2 ), where the union runs over all pairs (G u G 2 ) of disjoint open F o sets in Ω a . The "uncountability condition" is automatically satisfied. However, for a = 1, the proof given seems to be required, and the case a ^ 2 goes along for a free ride. However, we use the nonseparation result of Lusin (Lemma 3.1), which becomes decidedly nontrivial in the case a ^ 2. (S) by Theorem 1.4 as C(Ω), where Ω is a totally disconnected compact space whose Boolean algebra of clopen sets is σ-complete (being isomorphic to the σ-field of all Baire sets in S). It is wellknown that such a space Ω must be σ-Stonian (see Halmos [8, p. 99] [16, p. 272] ) that if Ω is σ-Stonian (or even an i^-space), then every quotient of C(Ω) is a Grothendieck space. A proof that a (a < (ύj) is not a Grothendieck space, together with the proof of Theorem 3.6, would provide a stronger result than Corollary 3.7.
However, it is at present unknown whether έ%t a is a Grothendieck space. In fact, it is even unknown whether the maximal ideal space Ω a contains any nontrivial convergent sequence (the existence of such a sequence would prevent & a -C(Ω a ) from being a Grothendieck space). PROPOSITION 
Then R is obviously a projection onto C(42 α ), contradicting the assumption. Thus no such P can exist. Obviously, therefore, there can be no projection from ^β(S) onto for any β > a. This proves the proposition. We obtain as a corollary the following result of W. G. Bade [2] [3, Corollary 8, p. 336 ] that ^ is not isomorphic to έ$ a f or a > 1. Although it is unknown whether £% a and ^ are isomorphic for 1 < a < β < ω lf it is shown in the next theorem that they are not isometric. , where Ω a (resp. Ωβ) is a totally disconnected compact Hausdorff space whose field of clopen sets is Boolean isomorphic to the field A a of ambiguous class a sets (resp. to the field A β of ambiguous class β sets). If &* and & β are isometric, then Ω a and Ω β are homeomorphic by the Banach-Stone theorem, and so A a and A β are isomorphic Boolean algebras. Let p: A a -> A β be a Boolean isomorphism. Since the algebras A a and A β are purely atomic, p must be induced by a point map, i.e., there must exist a permutation π of [0, 1] such that ρ(E) = π^), #6 A*. If G c [0, 1] is open, then GeA β so π-\G) e A a and π~\G) is a Borel set. Thus π is Borel measurable, so there must exist a first category F σ set i^ so that π\F c is continuous (Kuratowski [10, p. 400] ). Since F c is an uncountable G δ , F c contains a copy K of the Cantor set. Thus π | iΓ is continuous and one-toone, therefore a homeomorphism. Thus π(E)eA a if EeA a (K) since a homeomorphism preserves class. But this is a contradiction, because π(K), being homeomorphic to i£, contains subsets in A^ -A a (Hausdorff [9, p. 207] ), each of which is assumed to be of the form π(E) for EeA a (K) .
This proves the theorem.
REMARK. In connection with the above, it follows from a result of Rosenthal [15, p. 242, Remark 3] that the dual spaces έ@ a *{l^a^<^0 are all linearly isometric to each other and to (i°°)*. Proof. There exists a "Borel isomorphism" φ between S and T which is class 1 in both directions (Kuratowski [10, p. 451] ), i.e., a bisection φ: S-> T so that φ and φ~ι are both class 1. Since ψ and φ~ι change the class of a set by at most 1, φ and φ~ι in fact preserve class at the first limit ordinal, and therefore at every higher level.
That is, EeA a (S) if and only if φ(E)e A a (T), a ^ω Q . Thus A*(S)
and A a (T) are isomorphic Boolean algebras, so that B(S, A a (S)) ** B(T, A a (T)), i.e., ^a(S) ** ^a(T) for a ^ ω 0 by Theorem 1.1. This concludes the proof.
